In this paper, we consider the set-valued contractions defined on product spaces when the underlying space is a complete metric space endowed with a graph. Some fixed point results for the so-called set-valued G-Prešić operators are established. Our theorems extend and generalize some known results in product spaces of the recent literature. As an application of our main result, fixed point results for various types of set-valued contractions on product spaces are derived, and a sufficient condition for the existence of a weakly asymptotically stable and global attractor equilibrium point of a kth order nonlinear difference inclusion is established. MSC: 47H10; 54H25; 39A11
Introduction
In , Prešić [, ] extended the famous Banach contraction principle to the product spaces and obtained some convergence results for some particular sequences. Prešić proved the following theorem. for every x  , x  , . . . , x k , x k+ ∈ X, where q  , q  , . . . , q k are nonnegative constants such that q  + q  + · · ·+ q k < . Then there exists a unique point x ∈ X such that T(x, x, . . . , x) = x. Moreover, if x  , x  , . . . , x k are arbitrary points in X and for n ∈ N,
Theorem . (Prešić)
x n+k = T(x n , x n+ , . . . , x n+k- ), (.)
then the sequence {x n } is convergent and lim x n = T(lim x n , lim x n , . . . , lim x n ).
A point x ∈ X such that T(x, x, . . . , x) = x is called a fixed point of T. A mapping T satisfying condition (.) is called a Prešić type operator. Note that (.) represents a nonlinear difference equation of order k and the fixed point of T is an equilibrium point of (.) (see [] ). Therefore the Prešić's theorem ensures the existence and uniqueness of an equilibrium point of difference equation (.). Prešić type operators have applications in solving nonlinear difference equations, cyclic systems and in the study of convergence of sequences; for example, see [-] . This interesting result of Prešić has been further extended and generalized by several authors in different directions; see, for instance, [-] .
Let A be any nonempty subset of a metric space (X, d). For x ∈ X, we define the distance between the point x and the set A by
d(x, A) = inf d(x, y): y ∈ A .
Let CB(X) denote the set of all nonempty closed bounded subsets of X. For A, B ∈ CB(X), define
Then H is a metric on CB(X) and is called Pompeiu-Hausdorff metric. The following remark is a consequence of the definition of Pompeiu-Hausdorff metric.
Nadler [] extended the Banach contraction principle for the set-valued mappings, that is, for the mappings defined from the space X into the set CB(X). Nadler [] proved the following fixed point theorem.
Theorem . (Nadler) Let (X, d) be a complete metric space, and let T be a mapping from X into CB(X) such that for all x, y ∈ X,
where λ ∈ [, ). Then T has a fixed point, that is, there exists a point x ∈ X such that x ∈ Tx. In this paper, we introduce the notion of set-valued G-Prešić operators on the product spaces when the underlying space is endowed with a graph and prove some fixed point results for these operators which extend the result of Shukla et al. [] 
Preliminaries
In this section we recall some definitions and facts about the graphs which will be useful in the sequel.
Let (X, d) be a metric space. Let denote the diagonal of the Cartesian product X × X. Consider a directed graph G such that the set V (G) of its vertices coincides with X, and the set E(G) of its edges contains all loops, that is, E(G) ⊇ . We assume that G has no parallel edges, so we can identify G with the pair (V (G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each edge the distance between its vertices.
By G - we denote the conversion of a graph G, that is, the graph obtained from G by reversing the direction of edges. Thus we have
The letter G denotes the undirected graph obtained from G by ignoring the direction of edges. Actually, it will be more convenient for us to treat G as a directed graph for which the set of its edges is symmetric. Under this convention,
Now we recall a few basic notions concerning connectivity of graphs (see [] ). If x and y are vertices in a graph G, then a path in G from x to y of length N ∈ N ∪ {} is a sequence
Throughout this paper, we assume that X is a nonempty set, G is a directed graph such that V (G) = X and E(G) ⊇ . For the mapping T :
We denote the set of all fixed points of T by Fix(T).
Main results
First we define the set-valued G-Prešić operators on the metric spaces endowed with a graph.
Definition . Let (X, d) be a metric space, k be a positive integer and T :
be a mapping. Suppose, for every path {x i } k+ i= of k +  vertices in G, that the following conditions are satisfied:
Definition . Let (X, d) be a metric space, k be a positive integer and T : X k → CB(X) be a mapping. Define a mapping T :
Then the mapping T is called the associate operator of T.
The following remark will be useful in proving some consequences of our main result.
Remark . Let the mapping T satisfy (GP). If (x, y) ∈ E( G) then
Similarly, if (x, y) ∈ E(G - ) we obtain the same result.
Now we prove an existence theorem for a set-valued G-Prešić operator.
Theorem . Let (X, d) be a complete metric space, k be a positive integer and T : X k →
CB(X) be a set-valued G-Prešić operator. Suppose that the following conditions hold: (a) There exists a path
x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N, then there exists a subsequence {x n j } such that (x n j , x) ∈ E(G) for all j ∈ N. Then T has a fixed point in X. Moreover, there exists a termwise connected sequence {x n } in X such that x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N and {x n } converges to a fixed point of T.
As {x i } k+ i= is a path of k +  vertices in G and T is a set-valued G-Prešić operator, it follows from (GP) and the above inequality that
By (GP) and the above inequality, we have (
and by (GP) we have
By (GP) and the above inequality, we have (x k+ , x k+ ) ∈ E(G). Proceeding in this manner, we obtain a sequence {x n } such that (x n , x n+ ) ∈ E(G), x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N and
We shall show that the sequence {x n } is a Cauchy sequence. Let
where ϑ = λ /k . By the method of mathematical induction we shall prove that
Then, by the definition of μ, it is clear that inequality (.) is true for n = , , . . . , k. Let the
induction hypothesis. For every n ∈ N, it follows from (.) that
Thus, the inductive proof of (.) is complete. Now, for n, m ∈ N, m > n, using (.) we obtain
Since ϑ = λ /k < , it follows from the above inequality that
Therefore, {x n } is a Cauchy sequence in X. By completeness of X, there exists u ∈ X such that
We shall show that u is a fixed point of T. By (b) there exists a subsequence {x n j } such that (x n j , u) ∈ E(G) for all j ∈ N. Since for each n ∈ N we have (x n , x n+ ) ∈ E(G) and x n+k ∈ T(x n , x n+ , . . . , x n+k- ), therefore, for any j ∈ N, we have
≤ d(u, x n j +k ) + H T(x n j , x n j + , . . . , x n j +k- ), T(x n j + , . . . , x n j +k- , u) + H T(x n j + , . . . , x n j +k- , u), T(x n j + , . . . , x n j +k- , u, u)
Letting j → ∞ in the above inequality, we obtain d(u, T(u, . . . , u)) = , that is, u ∈ T(u, . . . , u). Thus, u is a fixed point of T.
The next example illustrates the above theorem; also, it shows the case when similar results from Shukla et al. [] are not applicable but the new results are applicable.
o t h e r w i s e .
Then T is a set-valued G-Prešić operator with
. All the conditions of Theorem . are satisfied and Fix(T) = {, }. On the other hand, T is not a set-valued Prešić type contraction in the sense of Shukla et al. [] . Indeed, for x  = x  = , x  = , we have
Therefore, we cannot find nonnegative constants α  , α  such that α  + α  <  and
If we define the graph G by V (G) = X and E(G) = X × X in Theorem ., then E(G) ⊇ and G has no parallel edges, and so we obtain the following corollary, which is an existence theorem for the set-valued Prešić type contraction (for the related definitions and results, see [] ).
Corollary . Let (X, d) be a complete metric space, k be a positive integer and T : X k →

CB(X) be a set-valued Prešić type contraction, that is, the following condition holds:
for all x  , x  , . . . , x k+ ∈ X, where α i are nonnegative constants such that k i= α i < . Then T has a fixed point in X. Moreover, for arbitrary x  , x  , . . . , x k ∈ X, there exists a sequence {x n } in X such that x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N and {x n } converges to a fixed point of T.
Applications to some fixed point results in product spaces
In this section, we apply the results of the previous section and establish some fixed point results for Prešić type operators in various settings.
First, we give the following theorem for set-valued Prešić type operators in ε-chainable spaces (for related definitions, see [] ) which is new even for a single-valued case.
Theorem . Let (X, d) be a complete ε-chainable space, k be a positive integer and T : X k → CB(X) be a mapping. Suppose that the following condition holds:
for all x  , x  , . . . , x k , x k+ ∈ X with max{d(x i , x i+ ):  ≤ i ≤ k} < ε, where α i 's are nonnegative constants such that k i= α i < . Suppose that there exist points x  , . . . , x k , x k+ such that max{d(x i , x i+ ):  ≤ i ≤ k} < ε and x k+ ∈ T(x  , x  , . . . , x k ). Then T has a fixed point in X. Moreover, there exists a sequence {x n } in X such that x n+k ∈ T(x n , x n+ , . . . , x n+k- ), d(x n , x n+ ) < ε for all n ∈ N and {x n } converges to a fixed point of T.
Proof Consider the graph G with V (G) = X and
Obviously, E(G) ⊇ and G has no parallel edges. By some easy calculations one can see that T is a set-valued G-Prešić operator. By assumption, condition (a) of Theorem . is satisfied. Also, if {x n } is a sequence in X such that x n → x ∈ X, then there exists n  ∈ N such that d(x n , x) < ε for all n > n  . Therefore, we can construct a subsequence {x n j } such that (x n j , x) ∈ E(G) for all j ∈ N. Thus, all the conditions of Theorem . are satisfied, and so the result follows. 
Then T has a unique fixed point in X. Moreover, there exists a sequence {x n } in X such that x n+k = T(x n , x n+ , . . . , x n+k- ), d(x n , x n+ ) < ε for all n ∈ N and {x n } converges to the fixed point of T.
Obviously, E(G) ⊇ and G has no parallel edges. The existence of a fixed point is obvious. For uniqueness, let u, v ∈ Fix(T), u = v, then by ε-chainability of (X, d), there exists a sequence
. . , N . Define T : X → X, the associate operator of T, by T (x) = T(x, x, . . . , x) for all x ∈ X. Then it is clear that u ∈ X is a fixed point of T if and only if it is a fixed point of T . Note that, for any x, y ∈ X with d(x, y) < ε, by Remark . we have
Therefore, by repetition of this process, for all x, y ∈ X with d(x, y) < ε, we have 
where α i 's are nonnegative constants such that
is a nondecreasing sequence with respect to , x k+ ∈ T(x  , . . . , x k ) and
The following theorem is a fixed point result for a set-valued ordered Prešić operator on an ordered metric space and it extends the results of Malhotra et al. (b) For any sequence {x n } in X, if x n → x, x n x n+ and x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N, then there exists a subsequence {x n j } such that x n j x for all j ∈ N. Then T has a fixed point in X. Moreover, there exists a sequence {x n } in X such that x n+k ∈ T(x n , x n+ , . . . , x n+k- ), x n x n+ for all n ∈ N, and {x n } converges to a fixed point of T.
Obviously, E(G) ⊇ and G has no parallel edges. Now it is easy to see that T is a set-valued G-Prešić operator. Conditions (a) and (b) of Theorem . are satisfied trivially. Therefore, by Theorem ., T has a fixed point in X.
Weak stability and weak asymptotic stability
In this section, we consider the weak stability and attractivity of the equilibrium point of a kth order nonlinear difference inclusion.
In the further discussion, we assume that B is a Banach space with the norm · and A, a nonempty subset of B.
Let T : A k →  A be a set-valued mapping with nonempty values at arbitrary points x  , x  , . . . , x k ∈ A, and consider the kth order nonlinear difference inclusion on A:
x n+k ∈ T(x n , x n+ , . . . , An equilibrium point u ∈ A of (.) is called weakly stable if, given ε > , there exists δ >  such that for at least one solution of (.) with initial values x  , x  , . . . , x k and x  -u + x  -u + · · · + x k -u < δ implies x n -u < ε for all n ∈ N. The equilibrium point u ∈ A is called weakly asymptotically stable if, in addition to being weakly stable, lim n→∞ x n = u. The equilibrium point u ∈ A is called a global attractor if, for arbitrary x  , x  , . . . , x k ∈ A, we have lim n→∞ x n = u. Proof Define the graph G by V (G) = A and E(G) = A × A. Then, by Corollary ., T has a fixed point in A, and this fixed point is an equilibrium point of the kth order nonlinear difference inclusion (.). Furthermore, since E(G) = A × A, for arbitrary x  , x  , . . . , x k ∈ A, the sequence {x n } defined by x n+k ∈ T(x n , x n+ , . . . , x n+k- ) for all n ∈ N converges to u, therefore, u is weakly asymptotically stable and a global attractor.
